A remark about the interpolation of spaces of continuous, vector-valued functions  by Bu, Shangquan & Chill, Ralph
J. Math. Anal. Appl. 288 (2003) 246–250
www.elsevier.com/locate/jmaa
A remark about the interpolation of spaces
of continuous, vector-valued functions
Shangquan Bu a and Ralph Chill b,∗
a Department of Mathematical Science, University of Tsinghua, Beijing 100084, China
b Abteilung Angewandte Analysis, Universität Ulm, 89069 Ulm, Germany
Received 19 December 2002
Submitted by D. Waterman
Abstract
If A is a sectorial operator on a Banach space X, then the space C([0,1]; (X,D(A))θ,∞) is a
subspace of the interpolation space (C([0,1];X),C([0,1];D(A)))θ,∞. The inclusion is strict in
general.
 2003 Elsevier Inc. All rights reserved.
Let X be a Banach space, and let A be a closed, sectorial operator on X, i.e., (−∞,0)⊂
	(A) and supλ>0 ‖λ(λ+A)−1‖<∞.
Consider the abstract Cauchy problem{
u˙+Au= f, t ∈ [0,1],
u(0)= 0. (1)
Under the assumption that −A is the generator of an analytic C0-semigroup and that
a space F([0,1];X)⊂ L1(0,1;X) of X-valued functions on the interval [0,1] is given,
the problem of maximal regularity is to find out when Au ∈ F([0,1];X) for every f ∈
F([0,1];X).
Important results in this direction go back to the pioneering work of Da Prato and Gris-
vard [4], and articles of Sinestrari [8], Dore and Venni [5], or Acquistapace and Terreni [1];
see also the monograph of Lunardi [6] for a recent account and more references or the re-
cent article of Clément et al. [3]. In this context, the theory of interpolation spaces (or
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S. Bu, R. Chill / J. Math. Anal. Appl. 288 (2003) 246–250 247intermediate spaces) is important. It is the aim of this note to study some particular inter-
polation spaces of spaces of continuous, vector-valued functions.
For every 0 < θ < 1, we define
DA(θ,∞) :=
{
x ∈X: sup
λ>0
∥∥λθA(λ+A)−1x∥∥<∞}. (2)
Together with the norm ‖x‖DA(θ,∞) := supλ>0 ‖λθA(λ+ A)−1x‖ the space DA(θ,∞) is
a Banach space. It is known that DA(θ,∞) coincides with the real interpolation space
(X,D(A))θ,∞, where D(A) is equipped with the graph norm so that it becomes a Banach
space [6, Propositions 2.2.2, 2.2.6].
Let the operator A˜ be defined by
D(A˜) := C([0,1];D(A)),
(A˜f )(s) :=Af (s), f ∈D(A˜), s ∈ [0,1]. (3)
Then A˜ is a sectorial operator on C([0,1];X), and
DA˜(θ,∞)=
(
C
([0,1];X),C([0,1];D(A)))
θ,∞
=
{
f ∈C([0,1];X): sup
λ>0
∥∥λθ A˜(λ+ A˜)−1f ∥∥
C([0,1];X) <∞
}
=
{
f ∈C([0,1];X): sup
λ>0
sup
s∈[0,1]
∥∥λθA(λ+A)−1f (s)∥∥<∞}
= C([0,1];X)∩B([0,1];DA(θ,∞)),
where B([0,1];DA(θ,∞)) denotes the space of all bounded functions from [0,1] with
values in DA(θ,∞). This shows in particular that
C
([0,1];DA(θ,∞))⊂ (C([0,1];X),C([0,1];D(A)))θ,∞.
The following two examples on X = c0 and X = l2 show that the converse inclusion is
not true.
Example 1. Let X := c0(N), and define
D(A) := {(xn)n∈N ∈X: (nxn)n∈N ∈X},
A(xn)n∈N := (nxn)n∈N. (4)
Then A is a sectorial operator on c0, and
DA˜(θ,∞)=
(
C
([0,1]; c0),C([0,1];D(A)))θ,∞
=
{
f = (fn)n1 ∈C
([0,1]; c0):
sup
λ>0
sup
n∈N
sup
s∈[0,1]
∣∣λθn(λ+ n)−1fn(s)∣∣<∞
}
=
{
f = (fn)n1 ∈C
([0,1]; c0):
sup sup θθ (1− θ)1−θnθ ∣∣fn(s)∣∣<∞
}
.n1 s∈[0,1]
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Define the function f : [0,1]→X by
f (s)= (fn(s))n∈N :=
(
sin(ns)
nθ
)
n∈N
, s ∈ [0,1].
From the above equality it is clear that f ∈ (C([0,1]; c0),C([0,1];D(A)))θ,∞. We will
see that the bounded function f : [0,1]→DA(θ,∞) is not continuous in s = 0. Indeed,∥∥f (s)− f (0)∥∥
DA(θ,∞) = sup
n1
θθ (1− θ)1−θ ∣∣sin(ns)∣∣.
This shows that there exists a sequence sk ↓ 0 such that ‖f (sk)− f (0)‖DA(θ,∞)  θθ (1−
θ)1−θ . Hence, the function f cannot be continuous in s = 0, i.e., f /∈C([0,1];DA(θ,∞)).
Example 2. Now let us consider the case X := l2(N). We define the operator A on l2 as in
Eq. (4). The operator A is sectorial, and
DA˜(θ,∞)=
(
C
([0,1]; l2),C([0,1];D(A)))
θ,∞
=
{
f = (fn)n1 ∈C
([0,1]; l2):
sup
λ>0
sup
s∈[0,1]
∑
n1
λ2θn2(λ+ n)−2fn(s)2 <∞
}
.
If θ = 1/2 and fn(s) := sin(ns)/n, then we have f = (fn)n1 ∈ C([0,1]; l2), and
sup
λ>0
sup
s∈[0,1]
∑
n1
λn2(λ+ n)−2fn(s)2  sup
λ>0
∑
n1
λ
(λ+ n)2  supλ>0λ
∞∫
0
ds
(λ+ s)2 = 1.
Thus, f = (fn)n1 ∈ (C([0,1]; l2),C([0,1];D(A)))1/2,∞=DA˜(1/2,∞).
We claim that f = (fn)n1 /∈ C([0,1];DA(1/2,∞)). Indeed, let k ∈ N ∪ {0}, and for
s ∈ R let [s] ∈ Z be such that 0  s − [s]< 1. Then, when s ∈ (0,1] is small enough, we
have for every λ > 0,
[(kπ+3π/4)/s]∑
[(kπ+π/4)/s]+1
λn2(λ+ n)−2fn(s)2 =
[(kπ+3π/4)/s]∑
[(kπ+π/4)/s]+1
λ(λ+ n)−2 sin2(ns)
 λ
2
[(kπ+3π/4)/s]∑
[(kπ+π/4)/s]+1
1
(λ+ n)2 
λ
2
[(kπ+3π/4)/s]∑
[(kπ+π/3)/s]
1
(λ+ n)2
 λ
2
[(kπ+2π/3)/s]∫
[(kπ+π/3)/s]
dx
(λ+ x)2 
λ
2
π/4s
([(kπ + π/3)/s] + λ)([(kπ + 2π/3)/s] + λ)
 πλs 2 .8(kπ + 2π/3+ λs)
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∥∥f (s)− f (0)∥∥2
DA(
1
2 ,∞) = supλ>0
∑
n1
λ(λ+ n)−2 sin2(ns)
 sup
λ>0
∑
k0
[(kπ+3π/4)/s]∑
[(kπ+π/4)/s]+1
λ(λ+ n)−2 sin2(ns)
 sup
λ>0
πλs
8
∑
k0
1
(kπ + 2π/3+ λs)2
 sup
λ>0
πλs
8
∞∫
1
dx
(xπ + 2π/3+ λs)2
= sup
λ>0
λs
8
1
π + 2π/3+ λs =
1
8
.
This shows that f is not continuous in s = 0, and therefore f /∈ C([0,1];DA(1/2,∞)).
Remarks 3. (a) Let
DA(θ) :=
{
x ∈X: lim
λ→∞
∥∥λθA(λ+A)−1x∥∥= 0}. (5)
This space is a closed subspace of DA(θ,∞). In fact, it is the closure of the domain D(A)
in DA(θ,∞) [8, Proposition 1.8]. By Arzela–Ascoli type arguments, one can show the
following proposition (see, e.g., [2, Theorem 6.5], [3, Lemma 9]).
Proposition 4.
DA˜(θ)= C
([0,1];DA(θ)). (6)
If one remarks that [4, Théorème 3.11] remains true if the space DB(θ,∞) is replaced
by DB(θ), then Proposition 4 implies the following result (see also [8, Theorem 5.1], [6,
Corollary 4.3.10]).
Proposition 5. Assume that −A is the generator of an analytic C0-semigroup. For every
f ∈C([0,1];DA(θ)) the solution u of problem (1) satisfies u˙,Au ∈C([0,1];DA(θ)).
(b) By [4, Théorème 3.11], Proposition 5 remains true if the space C([0,1];DA(θ)) is
replaced by the space DA˜(θ,∞)= C([0,1];X)∩B([0,1];DA(θ,∞)) (see again also [8,
Theorem 5.1], [6, Corollary 4.3.10]). In [4, Théorème 4.7(ii′)], it is claimed that one may
also replace it by the space C([0,1];DA(θ,∞)). However, since this space is in general a
proper subspace of DA˜(θ,∞) by Examples 1 and 2, this statement does not follow from
[4, Théorème 3.11]. This was already remarked in [7, Remark 3], but no explicit coun-
terexample was given. In [8, Remark 3, p. 57] it is even noted that [4, Théorème 4.7(ii′)] is
not true as it is stated. The same remarks hold for [4, Théorèmes 7.23, 8.8, 8.9].
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